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1 Introduction 

Many new ideas and tools have been introduced in the last years in order to connect the 
ten-dimensional Superstring Theory to the four- dimensional Standard Model. This is the 
goal of the so-called String Phenomenology which in fact studies how the (beyond) Standard 
Model physics could be obtained as a low-energy limit of String Theory [TH3]. 

In orientifolds of Type 11 String Theory, the main ingredients that String Phenomenology 
uses for achieving its aim are Dp-branes together with the compactification of the extra 
dimensions and the derivation of chiral spinors. In particular, the gauge groups of the 
Standard Model are localized in the world-volume of suitable configurations of Dp-branes 
and the chiral matter can be introduced by "dressing" the compact directions with magnetic 
fields [1H9] . The open strings ending on different piles of branes with different magnetizations 
are named dy-charged or twisted strings and they exactly describe the chiral matter of the 
low-energy theory. 

In order to promote magnetized branes in a compact space as vacua interesting for 
the String Phenomenology, one needs to have information about the low-energy effective 
actions living in the world- volume of such configurations of branes [T014T2] . These actions 
are model dependent and a particular interest, especially after the Higgs discovery, is focused 
on the determination of the Yukawa couplings and their dependence on the details of the 
compact manifold, i.e. moduli and geometry of the extra dimensions. Yukawa couplings in 
Type 11 brane-world scenario arise from an overlap integral of wave-functions of the three 
participant fields in the extra dimensions. The wave-functions, depending on the Bose- Fermi 
statistics of the fields, are solutions of the internal Laplace-Beltrami or Dirac equation with 
suitable boundary conditions dictated by the compact geometry and by the presence of 
the magnetic fields. In the bottom-up approach one usually neglects the global aspects of 
the compactification and solves these equations locally. However, for the simplest compact 
manifold, the factorized torus, the boundary conditions imposed by the magnetized torus 
geometry have exactly determined the holomorphic part of the Yukawa couplings that turns 
out to be proportional to the Jacobi 6*- function p^HTT] . The global properties of the compact 
manifold are then important to fix the complete structure of the effective actions and it results 



to be interesting to compute such couplings in the case of non factorized geometries as the 
one of the torus T^ with arbitrary complex structure. 

In this talk - which is based on the paper of ref. [18] - these couplings are studied in a 
configuration of M D9-branes in the background M^'^ x T^. In the same spirit as the one 
of ref. [13] (see also [I6l[l9]), constant magnetic fields are turned on, along the compact 
directions, in the abelian sector of the U{M) gauge group defined on the world-volume of 
the M branes. Depending on the choice of such constant fields, the single stack of branes 
is now separated in different piles of magnetized branes. The ten-dimensional A/" = 1 super 
Yang-Mills theory living in the world- volume of a stack of D9-branes is dimensionally reduced 
to four dimensions by expanding the ten-dimensional bosonic or fermionic fields in a basis 
of eigenfunctions of the internal Laplace or Dirac operator. The eigenf unctions of these 
operators have to be invariant, up to gauge transformations, when translated along the one- 
cycles of the torus. They are easily determined in the complex frame where both the metric 
and the difference F"^ = F"- — F^ of the magnetic fields on the two piles a and h of branes 
between which the strings are stretched, are diagonal matrices in their off-diagonal boxes. 
In this frame, supersymmetry has been also partially imposed by requiring the field F""^ to 
be a (1, l)-form in the coordinate system defining the complex torus. The wave-functions of 
twisted open strings turn out to be proportional to the Riemann Theta function only when 
the background gauge field, in the original system of coordinates defining the torus, is a 
matrix with null diagonal blocks. They depend on the first Chern class lab associated with 
the difference of the gauge fields on the a and h branes and on a generalized complex structure 
that is a matrix whose entries are related to the original complex structure of the torus or to 
its complex conjugate, depending on the signs of the eigenvalues of the non- vanishing blocks 
of the gauge field F""^. 

The Yukawa couplings are obtained by evaluating an overlap integral over three of such 
functions. The integral is computed after using an identity between the product of two 
Riemann ^-functions. The identity has been derived in refs. [T8|l20] by extending the analysis 
given in ref. [21] and here revised. The resulting expression is compatible with the known 
results obtained under different assumptions [201122]: the non trivial and holomorphic part of 
these couplings, the Riemann ^-function, is again determined by the boundary conditions due 
to the geometry of the magnetized torus. Here holomorphicity means, as in the factorized 
case, that the ^-function can never depend on a variable and its complex conjugate, although 
the argument of such a function can be either holomorphic or antiholomorphic along different 
directions. These properties are related to the signs of the first Chern classes evaluated along 
the corresponding compactified directions of the torus. 

The paper is organized as follows. 

In section [2l generalities about dimensional reduction and magnetic fluxes are given. In 
section |3l the bosonic and fermionic wave- functions for the lowest states are derived together 
with the mass spectrum of the Kaluza-Klein states. In section |H the Yukawa couplings for 
a general magnetized six-torus T^ are computed. Finally, in the appendix details about the 
proof of an identity involving the product of two wave-functions are given. 



2 Open Fluxes and Torus Geometry 

A configuration made of a stack of M D9-branes in tlie compact background M}'^ x T^ is going 
to be studied in tliis paper. Branes backreaction on tlie space-time geometry is neglected 
and the analysis is focused on the open string degrees of freedom. Their interaction with 
the closed string degrees of freedom is described by the supersymmetric DBI and by the 
Chern-Simons actions. In the following, attention will be drawn to the low-energy limit of 
the DBI action which, for this particular brane configuration, is the ten-dimensional M = 1 
super Yang-Mills with gauge group U{M): 

where M, iV = 0, . . . , 9, g^ = 47re'^i" {2nVa'f and 

with A being a ten-dimensional Weyl-Majorana spinor. Chiral matter is introduced by 
turning on magnetic fields with constant field strength along the compact directions of the 
world- volume of A''^ branes, with Yl^=i ^a = M. The integer n labels the branes having 
different magnetization. The original gauge group is then broken into the product U{M) ~ 
Y[a=i U{Na) and this breaking can be used to engineer the gauge groups of the Standard 
Model. The chiral matter is given by the twisted open strings charged with respect two 
of these groups and transforms in the bifundamental representation of the gauge group 
U{Na) X U{Ni,). In the following, the complete breaking U{M) ~ f/(l)^ is considered, but 
the extension to other gauge configurations is straightforward. The breaking is realized by 
first separating the generators [/„ of the Cartan subalgebra from the ones out of it. Cat, in 
the definitions of the gauge field and of the gaugino: 

Aji, = Bj^, + W^ = BlUa + W^eat ; A = x + ^ = x"^a + ^"'e«6 

and then expanding the Lagrangian around the background fields which are present only 
along the compact directions in T^ of the branes: 

ly^^(x^X^) = + <(a:^X^). (2) 

Here fj, = 0, . . . ,3 and M, N = 1, . . . , 6. The fields -B^ and $51^ are, respectively, adjoint and 
chiral scalars, from the point of view of the four- dimensional Lorentz group. The background 
fields (-B^) are taken with a constant field strength corresponding to the background constant 
magnetic fields along the compact dimensions. In particular, the gauge 

{B'DiX'') = -^F^^^X"^ 

is chosen. 



The four- dimensional effective action is obtained by compactifying the extra dimensions 
on the torus T^, defined by imposing the identification 

on the space-time coordinates (x'", y™) = (X^™'~\ X^™) (m = 1,2,3), being R]^ and R2 
the radii of the torus along the direction m. In the following, in order to compare the string 
with the field theory results, it is convenient to use the following rescaling: 

d("i) dM ' 

(x™,!/'")^ (x" ^ -"^ 2 



with i? being an arbitrary dimensionful parameter, and then to define the torus geometry 
through the identification: 

x"' = x"' + 27rRmT ; y"" = y"^ + 27r Rm^ . 

The description of the torus as a complex manifold is based on the introduction of the 
coordinates: 

m _|_ TTm n 
m _ -^ ~T~ ^ nhl 

2'kR 

together with their complex conjugate variables. Here, U is a, complex matrix parametrizing 
the complex structure of the manifold. The lattice identification is given by 

^- = ^- + ^- + [/- ml . 

The twisted sectors of the theory, as previously discussed, are present because a background 
magnetic field F"-^ = F°- — F'^ acts on the world- volume of two piles of branes a and b. In 
the system of complex coordinates it takes the following form [I8] : 



8 
with (W\ . . . , W^) = {w^,...,w^,w^,. . .w^) and 

p{ww)ab _ n^j^JJ-^Y Ijjt pi^^hbjj _ jjtp{xy)ab _|_ p{xy)abtjj _|_ p{yy)abl Jj^f/-1 
p{ww)ab _ CJj^^-iy \_ljtp{xx)a.bjj _|_ Q-t p{xy)ab _ p{xy)abtjj _ ^{j/j/)a61 Jj^f/~1 

while F('^"')'^* = [F^""^)"^^]* and F^"'^)'*'' = [F^'^^)"'']*; furthermore the index t denotes the 
transposed of the matrices it refers to. Supersymmetric configurations require the gauge 
field to be a (1, l)-form. Imposing such constraint necessarily makes iF^"^^^ an Hermitian 
matrix [20] which is diagonalized by an unitary matrix C~j^: 

n \ab 
(f^~l\m p{w,w)ab /^-In^ _ ^ ^r r 

\^ab ) r ^mn \^ab ' s ~ ■ (O'Tr}^)^ ' 

4 



Here, r,s = 1, . . .3 and, since C~,^ is an unitary matrix, one has {C^i^)"lhmn{Cab)"'s = ^rs 
where hmn refers to the metric of the complex torus which can also be written in terms of the 
holomorphic and anti-holomorphic vielbeins: hmn = ^^m^rs^'^ff Complex coordinates having 
a trivial metric can now be introduced by defining: w^ = e^^w"^ together with their complex 
conjugate. 

A new system of complex coordinates (^^6, . . . , Z^b) — i^lt^ • • • > ^ab^ ^IbJ • • • ; ^afe)' defined 
by 

'^ = [^ab ) r^ab 'i ^ = [^ ab ) f^ab i 

is naturally introduced by the diagonalization. In this frame, both the metric and the field 
strengths of the gauge field are diagonal matrices in the non-vanishing blocks, being the 
metric equal to: 

ds^ 1 ,_f ^ ,_r ^ / I 



i2'KRY 2 
while the magnetic field strength is 



dZi^ Qij dZ^f, ; g = I Q j 



^j^iZZ)abj^I ,^J . ^{ZZ)ab _ ^ / lf\ , . 



with 



Xf = diag (Af . . . A^") 
and I, J = 1, . . . , 6 denote the flat indices. 

3 The Wave- Functions 

The quadratic terms in the scalar fields of the four- dimensional action, derived in detail in 
ref. [I3], see also [l5l[T6], are obtained by starting from eq. ([1]) and expanding the fields, 
defined in the second line of eq. ([2]), in a basis of eigenfunctions of the internal Laplace- 
Beltrami operator: 



D;v^^0^(X^)=m^0^(X^) ; <l>t = J2<Mi^n^Ki^ 



with suitable boundary conditions determined by the torus geometry. Here, the covariant 
derivative depends only on the constant background gauge fields 

DnK = QnK - ^i{B%) - {B%))ct>t ■ 

The mass spectrum of the Kaluza-Klein states is easily determined in the system of the 
.E-coordinates. In such a frame the mass operator is [18] : 



[Ml^y ^ diag {rh'j^' I - 2 Xf , m^^I + 2 X^ 



with iff^ = 2TrR m'j^ while, due to the block diagonal expression of the background gauge 
field, the commutation relations [Dj , Dj ] = —iFjj of the covariant derivatives reduce 
to the algebra of decoupled creation and annihilation bosonic operators. This identification 
depends on the signs of the eigenvalues A^, being for positive A^. n. 



with the role of the creation and annihilation operators exchanged for negative A^. In both 
cases one has [a,., aj] = 1 and the Laplace equation becomes 



y^ \\r\i2Nr + 1)0A^ = m%i(j)M ', A^r = 4 Or • 



r=l 



The eigenvalues of the mass operator result to be: 



3 



M|., = ^|A,|(2iV, + l)T2A, . 



r=l 

The lightest state is massless if the J\f = 1 susy condition |Ar| + |As| = |Ai| (r 7^ s 7^ t) is 
imposed. Then, by applying creation operators on the massless state, two towers of Kaluza- 
Klein states are generated. Their spectrum, when the A/" = 1 susy condition is imposed, is 
contained in the expression: 

3 

M^ = 2j2\MiNr + k) ; k = 0,l. (5) 

r=l 

The eigenf unctions relative to the ground state are obtained by solving the first order dif- 
ferential equation 

a,0o = OVr ^ f _ + -|A^|zM 00 = 

where the complex coordinates (z^, . . . , z^, z^ . . . , z^), with 

2 2 \ 2ttR J 

have been introduced in order to take into account that the identification between the co- 
variant derivatives and the creations or annihilations operators depends on the signs of the 
eigenvalues A^. In eq. IQ 

^(xr ^ |' l + sign(A,) ^| ^, ^ |^ l-sign(A,; I ^, _^(_;,^, 

(7) 



2 / V 2 



^{X)r ^ / I + sign(A,) \ ^,^^ \ ( ^~ ^^g^(^^) ^ Cr^T ^ ^(-X)r 



^In this analyis the a, 6 labels are omitted when possible. 



and fi = (C^'^^)^^C^^^ is named the generalized complex structure because, when all the 
ArS have the same sign, it coincides with the complex structure of the torus or its complex 
conjugate. 

The wave-function of the ground state is: 

where {Z^, . . . , Z^) = (z^, . . . , z'^, z^ . . . , z^) and with 6{z) being an holomorphic function of 
the coordinates which is determined by the boundary conditions. It is interesting to notice 
that the wave-function ([8]), when rewritten in the original system of coordinates Z^ = (z*", z"^), 
may depend on both the holomorphic and anti-holomorphic variables. However, it never 
simultaneously depends on a variable and its complex conjugate, i.e. on z^ and z^ (same r) 
and, therefore 9 is an holomorphic function of the complex coordinates. 

Boundary conditions are dictated by the transformation properties of the scalar fields 
under the torus translations [221 [21] ■ The behavior of the vector potential Ar under the 
lattice translations 

4^)(z + C'W7^(,)) = 4^)(z) + a,xS;; ; 4'^(^ + C'(') n r^(.)) = A^^\z) + drX^^ 



defines the corresponding gauge transformations 



x;;j = -j^lK\ic^'^)\n-^v^^^ + -z^\K\ic^'^y^nzvl^ 



s times 



with rj^,s = (0, . . . , 0, 1, 0, . . . ). The holomorphic function appearing in the definition of the 
ground state is determined by imposing the identifications 

M^+C^^kis), 2 + ^^77(3)) = e<)M^, ^ 
M^+C'-^'^^Vis), ?+CWn77(,)) = e^^S0o(z, ^. (9) 

The full wave-function of the ground state, in the real coordinates system and in the case 

pixx) _ p{yy) = is 

where the overall constant Mah = A/2^V^2d [det(/afelmf2a6)] ' is fixed by requiring canonical 
normalization for the kinetic terms of the scalars. Here, Vr^d is the torus volume and 

The wave-function (fTOj) can be easily compared with the corresponding expression given 
in ref. [20] for the torus T"^. The two expressions coincide if the generalized complex structure 



here introduced is identified with the modular matrix iCl defined in that reference. It can 
also be compared with the one given for the chiral scalars in the case of the factorized 
torus {T'^Y [14] and the two coincide when eq. (ITOl) is specified for this peculiar factorized 
geometry. 

The wave function for the four-dimensional fermions is the solution of the internal Dirac 
equation: 

7fe)DMVn = ra^€ , (11) 

being m„ the mass of nth-level of the Kaluza-Klein tower and 7/^n are the six- dimensional 
Dirac matrices. In analogy with the dimensional reduction of the bosonic kinetic terms, the 
eigenfunction problem of the Dirac equation is solved in the complex frame Z where both the 
metric and the magnetic background are diagonal matrices in the non-vanishing off-diagonal 
blocks. In this complex frame, the Clifford algebra becomes: 



7^ ,7^ I =4.^"^ 

with all the other anti-commutators vanishing. This algebra is the usual one of fermion 
creation and annihilation operators and the gamma-matrices can be identified with such 
operators. According to the identifications (jl]), the massless state living in the kernel of the 
Dirac equation is obtained by defining a factorized vacuum ri^iZ , Z) = uq (g) (j)o(Z , Z). 
Here, Uq is a constant six-dimensional spinor and 0o is a function of the internal coordinates, 
both vanishing under the action respectively of all the fermionic and bosonic annihilation 
operators 

DfVo(Z,i)=0 ; 7(1^0 = forA, >0 

DfVo(^,i)=0 ; 71^0 = forA, <0 (12) 

together with the boundary conditions given in eq. ([9]). The solution of eq. ( 1T2l) is then 
obtained by assuming 0o to be the waye- function in eq. ( TTOl) and by defining uq = J^''xo 
for positive eigenvalues A,, and uq = 7^'^Xo for negative eigenvalues, being xo an arbitrary 
eight-component constant spinor. 

The whole spectrum of the Kaluza-Klein fermions is obtained, according to the standard 
procedure, by squaring eq. (ITT]) : 

3 / 1 _ \ 

- (tJ;^? 7(1;^! ) Vn = J2i l^'-l(2^^ + 1) - I [fS), 7(1] |A.| Vn 

= {27vRfmlr]n, (13) 

where the bosonic number operator, defined in the previous sections, has been introduced 
and the expression of the background gauge field given in eq. ([3]) is used. 

The vacuum state shown in eq. ( TT2|) satisfies the previous equation with m = and, 
applying on it an arbitrary number of bosonic oscillators 

3 



r=l 



l«ij l«2J l«3 



a set of Kaluza-Klein states are generated with masses 



2 -' 

,2 _ ^ 



(2riip^l^'l'^- 



m 

r=l 



The next levels in the fermion Fock space, satisfying eq. ( !T3|) . are obtained by applying one 
fermion creation operator and an arbitrary number of bosonic creation operators: 



3 



(4fM4)"^M4)N^'T[^^^^o®</>j(i, Z) k = 1,2,3. 



r=l 



A tower of KK states is generated with masses given by: 

3 

< = 777^7^ y'\^r\{2Nr) + 2-f^ k = 1,2,3 . 



(^EW(2^^) + 2J^ 



Other KK towers are obtained by acting on the vacuum with two or three fermion creation 
oscillators and an arbitrary number of bosonic oscillators 



3 

7k 7,1 



{a\r {alr^ ialf^l^'l^'vo ; (alf^ (4)^^ (4)^^ U l''vo 

fe=i 

with k,l = 1, 2, 3. These are three and one tower of massive states having respectively the 
same and opposite chirality of the vacuum [T8j. Their mass spectrum is given by: 



\ /.TV n \~ ,_,,^^, ,_,,^^, 



(2^i?)2^' " ' (2^i?)2 ' {2TrRy 



All the mass formulas can be collected in a more concise relation by introducing the fermion 
number operator N^ = 0, 1 and by writing 



2 ' 

2 ^ 

m, — 



" {27vRy 



J2\>^r\{Nr + Nf). 



r=l 



The mass of the Kaluza-Klein fermions coincides with the one given in eq. ([5]) valid when 
the susy condition |Aj.| + jA^I = |At| (r 7^ s 7^ t) is imposed showing the consistency and 
accuracy of the dimensional reduction procedure. 

The wave-functions of the chiral matter are derived in the background dependent system 
of complex coordinates Zab where the off-diagonal blocks of the background magnetic fields 
are diagonal. By definition, in each of these frames a wave-function is associated with 
the corresponding dy-charged sector of the theory. The calculation of the effective actions 
demands the evaluation of overlap integrals among three or more of these functions. It is 



therefore necessary to re-express such states in terms of quantities defined in a unique system 
of coordinates as the w"^s. In this frame one has: 

/- -X TT /^rll + signAr) ^s ^-,(1 - signA.,.) ^A ^ , ^ ^^ 

Vo{w, nj) = [[i C:^ ^ h + C:^ ^ h j xo ® (f)^.jiw, w) 

where C^,Cl are the inverse matrices of the ones defined in eq. (jTj) and (^^. ^ is a scalar 
function of the coordinates. It is defined in eq. flTOj) in terms of the real variables (x"^, 2/™") 
and the relation among these coordinates and the complex ones is given in sect. [2j By using 
these relations it is straightforward to re-write the expression of the wave-function in the 
complex frame, however the calculus of the Yukawa couplings will be performed in the real 
system of coordinates and therefore it is not necessary to give a such expression here. 

4 Yukawa Couplings 

The Yukawa couplings are obtained by considering the trilinear couplings, involving one bo- 
son and two fermions, of the ten-dimensional M = 1 SYM action reduced to four dimensions 
according to the Kaluza-Klein compactification procedure outlined in the previous section. 
In refs. [I31[IS1[IS] this dimensional reduction is studied in great detail; here we just quote 
the result: 

1 



S! = —J d'xVc; / rf^X^v^C(^")7['4) [^toi^n^'^W ® (0^(^",2/")7(^6 



(14) 

where i/^o is the massless fermion ground state, i^q, instead, is the lightest bosonic excitation 
which is massless if the supersymmetry condition, given soon after eq. ([5]), is imposed. In 
the following, in order to fix notations, we choose A"* to be positive. So doing, the massless 
scalar turns out to be 0^i , while with the opposite choice ^^i would have been the massless 
state |18]. In the chosen notations, only the first term in eq. f lT^ contributes to the Yukawa 
coupling for massless particles and one is left with the expression 



with the Yukawa coupling constants, in the string frame, given by 

1 



where 



2^ 



2 



/ ac\\ ^ab be 
(Mq )'7(6) Mo 



3^' 



aij2j3 



10 



The integral in eq. (fTSll has been computed in ref . [18] . The calculation is here summarized 
in the case in which all the first Chern-classes associated with the three twisted sectors 
are independent. When this latter condition is not satisfied there are subtleties that are 
discussed in ref. [T8] . 

The integral can be performed after using the following identity involving the product of 
two wave-functiono 



X 



y \ ..^.r'fr'l ^ 



+ 2TTil * I' , 



with 



lab^ab + hAc i^ib - ^L)"* A . T' - I ^<^f> + he {Lb Lb " Lc V)" 



^/ _ / '^ab^'^ab i J-bc-^'^bc \^'^ab ^'^bcl^ \ . q-' 



aiSlab - ^bc) ai^ablj + ^bJbcW / ' V «(C6 + h 



~t I r-t^^,t 



'be 



a 



and 



ri. 
"-3) 



f* = (/7*, r;*) = ((/!/„, + pbc + m'hb) {lab + hcV' + /I 

The parameter a is chosen in such a way to make the matrix a{I~j^ + /{^^) integer. This 
request is fundamental in order to obtain the identity written in eq. fll6p . The choice 
a = det[Iabhc]^ satisfies this requirement [ID]- The indices of the two summations need 
some explanation. Let us denote by Z^^_i i, the set of equivalence classes obtained by 

identifying the elements of Z^ under the shift n — )■ n+t (/^^ + /{J^^)a, with t,n G 1} . A subset 
of Z^ 1 1 is obtained by considering the integer vectors lying within a cell generated by 

^ ah ~^ he I 

ejdet[/ab]/^^,(z = 1,2,3) being Cj defined in the appendix [20]. This subset is denoted by 
Zafe. Zfcc is defined by exchanging lab with Lc- Finally: 



^■^ac — '^(j-^-^-j-'^)a \ \^bc U Zafe) 



The proof of the identity written in eq. (TT6|) is outlined in the appendix. More details are 
given in refs [TS|[2U]. 

The integral over the x variable can be easily performed giving: 



^In this paper by respect the ref. |18| a different notation for the indices of the summation is used. 
The correspondence among the two sets of symbols is: Tiab = ^^ ,,-1, '^bc = '^^ ,,-i and Zac = 

11 



where 

U = a {{Qablab + ^bJbc) - i^ab ' ^bcWca^ca + hb^ab + Ibc^bcY\^ab " ^bc)') «"* (18) 

and 



V 



2-^ "G{lab+lihc+rnt Iab){Iab + Ib, 



)-'-di- 



mez 1 1 



The last integral to be computed is contained in the definition of the following function: 

with Q'"^^ = a{flab — fifec)- The integral is convergent and, after having evaluated it, one has 
the expression [18] 



y- 



•J1J2J3 



d^xd^yy'G(i 



S2ca;ji ^SZai,;ji ^ \lbc\32 



Mab-MbcJ^ca^/GlV [det (-i(/cafica + hb^ab + hc^bc))] 



'1/2 



E 



X > 2.6 

peZftc geZai, 



«"*4(/3-/2) + ^^-^^^ 



det/, 



-P + 



dct/h 



■P 







(o|n). 



that simplifies when all the differences of magnetic fields living on the various stacks of 
magnetized branes are independent but commuting. In this approximation, an analogous 
string calculus of the Yukawa couplings has been performed in ref. [22]. In this case the 
quantity Q;(/^^ + /^~^) can be made an integer matrix by choosing a = labhc and the product 
of two wave-functions is still equal to eq. ( 1T6l) specialized with this value of a and without 
the sums over the vectors iJ'and q. The overlap integral over the three wave- functions is now: 



3^' 



•J1J2J3 



i'ca,Jl i^abijl ^^hc-,j2 



X [dei{-i{Ica^ca + Iab^ab + hSlbc))] © 



1/2 



Lbils-n) 




(o|n) 



with n given by the eq. (fT8|) specialized to the value a = labhc- 

In conclusion, the field theory approach is a very efficient tool in determining the low- 
energy effective actions supported in the world-volume of magnetized branes. These coef- 
ficients and, in particular, the holomorphic part of the Yukawa couplings strongly depend 
on the global aspects of the internal manifold as one has explicitly shown in the case of 
compactifications on the torus T^. It would be interesting to extend this approach to models 
where few global quantities are explicitly computed. In this respect, models coming from 
compactification of F-theory are a good arena for this kind of analysis. 
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A Appendix 

It is useful to give here the proof of eq. ( 1161) involving the product of two wave-functions. 
According to ref. [21] such a product can be written concisely as follows: 



^r+2nir'Q^+2ni?I^ 



being Q = diag{Iab^ab, hc^bc), ^ = diag(/„b, he) and 



/=( "I'^l' ] : X= l) ; Y-l y 



n2 + j2 J \x J \y 

An equivalent representation of the product of two Riemann Theta functions is obtained by 
introducing the following transformation matrix 



T-f ^ I V T-^-f(^ab+Ibc')-'lbc' ilab+IbcY'cy-' \ 

~ V <V -^Ibc' J ' V (lab+I^cY'lab -(lab + Ibc')-'^-' J 



acting as (see also the relation before eq.s ([T 

Q' = TQT^ ; I' = TXT^ . 
We introduce also the vector: 

J"^l'T'' = {{n,+l)\l^,' + I-^\'l-^' + {n2+]2)\l~b' + IbcVlab-. 
ini+JiYilab + Ibc'r'^^-' - {n2+n)\l-b' + IbcY'o^-' 
By using the following identity: 

[lab + ^c ) ~ ^bc {lab + he) hb = hb {hb + he) he , 

one can write [TS] 

1 , it 



[n\ hb + n\ he) {hb + he) ^ = m\ {hb + he) ^ + I 



3 



{n\ - n\) hb {hb + he)'' hea~' = m* (/.^ + Ibe') «"' + 5 (19) 

where l^, U € Z^, fhi and fh2 are suitable integer vectors, while a has to be fixed in such 
a way that the matrix a (/^^ + Ij^J^) has integer entries. In the following, we will choose 
a = det [hbhc] I [20] which indeed satisfies the above mentioned constraint. By writing 
mi = m\ei, with 

i times 

e* = (0~"'^Xl,0,...) , 
13 



the lattice with basis vectors Cj {lab + he) is introduced and, in it, the equivalent points are 
those which change I3 by integer values, because this quantity is summed over all the possible 
elements of Z^. 

^f/ +/ ) is the set of equivalent classes obtained by identifying the elements of Z'^ under 

the shift rhi + fc* {lab + he) (Vfc G Z^). Inequivalent values of rhi lie in the cell determined 
by the vectors ei {hb + he) and their number is |det[/a6 + hc]\- Analogously, the number of 
inequivalent values of m2 G Z^^_i 1, is IdetfJ^"*^ + /^^]a|. 

^ ab be ^ 

From eqs. (flQl) . it is straightforward to obtain the identities: 

n\ = {m\ + m\he){hb + he)'^ + ll + llal'^ 
n\ = {m\ - m\hh){hb + he)'^ + h - kal^^^ 

which are consistent if both al~^ and cxl^^ are integer matrices. This latter request is indeed 
satisfied by the choice a = det[/a6/;,c]I. Moreover, one has also to impose 

m\ + mlhe = k\hb + he) ; m\ - m\hb = k\{hb + he) 

with k and fci elements of 1? . The solution of the last two equations is 

m\ = mlhb + k{ {hb + he) . (20) 

The correspondence between fhi and rn2 is not one-to-one since the number of the inequiv- 
alent values of m2 is bigger than the one of inequivalent fhi. Following ref. [20], one can 
replace: 



m\ = mi 



+ ^det[hb]{hb + hc)Iab + ^ det[/fe,](/a6 + he)Ibe 



and the second line of eq. (TT9|) becomes: 



{n\ - n\) hb {hb + he) ^ hed ^ = rh^ [hb + he^) a ^ + p 



det/, 



be 



->t hb ft 



+ rvf^ + /i- (21) 

det/afe 

From eq. ( 121]) one can easily see that shifting p ^ ■p + k{det[he])[he]~^ for all k & I? 
corresponds to add k to ^4, providing equivalent values of p since l^ is summed over all 
possible integer vectors . The set of inequivalent p is denoted by Z^c and its number is 
|det(det[/6c]/b^^)|. ^ similar definiton holds for g G T^ab and the dimension of this set results 
to be |det(det[/afe]/ab)^^|. Consequently, the number of inequivalent m2S is |det[/a;, + hc\\ 
which now matches with the one of inequivalent fhi. 

By starting from eq. fl2Tl) and repeating the same manipulations which have led to eq. 
fl20|) . one has that this latter equation remains unchanged but with 777,2 replaced by 777.2. The 
solution of eq. ( !20l) is now unique and one gets the expression of /' given in eq. (!T7l) with 
m = 777,2. After collecting all the results, one derives the identity written in eq. ( TT6II . 
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When lab and he commute, the quantities a{I^,^ + /^^^) can be made an integer matrix 
with the choice a = labhc- Eqs. ( !T9|) become: 

{n\ lab + n\ he) {lab + hcV^ = m\ {hb + he)~^ + 4 
{n\ - n\) {lab + heY^ = rn\ {hb + heY^ + A- 

with rni,m2 G Z?/ ^/ )• In this case there is no need to introduce the vectors p and g*and 
one can trivially impose eq. ( I20l) . 
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